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Let A be a sign pattern matrix of order n ≥ 2. If for any given real monic polynomial f (λ) of degree n, there is a real matrix A ∈ Q(A) having characteristic polynomial f (λ), then A is a spectrally arbitrary sign pattern matrix.
The problem of classifying the spectrally arbitrary sign pattern matrices was introduced in [1] by Drew et al. In their article, they developed the Nilpotent-Jacobian method for showing that a sign pattern matrix and all its superpatterns are spectrally arbitrary. Work on spectrally arbitrary sign pattern matrices has continued in several articles including [1] [2] [3] [4] [5] [6] [7] [8] [9] , where families of spectrally arbitrary sign pattern matrices have been presented. In particular, in [3] , Britz et al. showed that every n × n irreducible, spectrally arbitrary sign pattern matrix must have at least 2n − 1 nonzero entries and they provided families of sign pattern matrices that have exactly 2n nonzero entries. Recently this work has extended to zero-nonzero patterns and ray patterns, respectively ( [10, 11] ). Now we introduce some concepts on complex sign pattern matrices.
For n × n sign pattern matrices A = (a kl ) and B = (b kl ), the matrix S = A + iB is called a complex sign pattern matrix of order n, where i 2 = −1 ([12] ). Clearly, the (k, l)-entry of S is a kl + ib kl for k, l = 1, 2, . . . , n. Associated with an n × n complex sign pattern matrix S = A + iB is a class of complex matrices, called the complex sign pattern class of S, defined by
Q c (S) = {C = A + iB | A and B are n × n real matrices, sgn(A) = A, sgn(B) = B}.
For two n × n complex sign pattern matrices S 1 = A 1 + iB 1 and S 2 = A 2 + iB 2 , if A 1 is a subpattern of A 2 , and B 1 is a subpattern of B 2 , then S 1 is a subpattern of S 2 , and S 2 is a superpattern of S 1 . If S 1 is a subpattern of S 2 and S 1 = S 2 , then S 1 is a proper subpattern of S 2 .
For a complex sign pattern matrix S = A+iB of order n, the sign pattern matrices A and B are the real part and complex part of S, respectively, and the number of nonzero entries of both A and B is the number of nonzero entries of S.
It is clear that complex sign pattern matrix and ray pattern are different generalization of sign pattern matrix. For a complex sign pattern matrix S = A + iB, if B = 0, then S = A is a sign pattern matrix.
Let S = A + iB be a complex sign pattern matrix of order n ≥ 2. If there is a complex matrix C ∈ Q c (S) having characteristic polynomial f (λ) = λ n , then S is potentially nilpotent, and C is a nilpotent complex matrix. If for every monic nth degree polynomial f (λ) with coefficients from C, there is a complex matrix in Q c (S) such that its characteristic polynomial is f (λ), then S is said to be a spectrally arbitrary complex sign pattern matrix. If S is a spectrally arbitrary complex sign ELA 676 Y. Gao, Y. Shao, and Y. Fan pattern matrix, and no proper subpattern of S is spectrally arbitrary, then S is a minimal spectrally arbitrary complex sign pattern matrix.
Let SA n represent the set of all n × n spectrally arbitrary complex sign pattern matrices. Then the following result holds. Lemma 1.1. The set SA n is closed under the following operations:
(iv) Signature similarity, and
Proof. The results are clear for cases (i)-(iv). We only prove the case (v). Note that for any n × n complex matrix C and its conjugate complex matrix C, the corresponding coefficients of the characteristic polynomials of C and C are conjugate, that is, if the characteristic polynomial of C is
By the definition of spectrally arbitrary complex sign pattern matrix, the result holds for the case (v).
We note that, if a complex sign pattern matrix S = A + iB is spectrally arbitrary, then sign pattern matrices A and B are not necessarily spectrally arbitrary. For example,
is a spectrally arbitrary complex sign pattern matrix (This fact will be proved in Section 3), but both sign pattern matrices 
From [1] , both A and B are spectrally arbitrary sign pattern matrices. Consider the complex sign pattern matrix
Note that for any
where a j > 0 and b j > 0 for j = 1, 2, 3, 4, the characteristic polynomial of C is
In Section 2 we extend the Nilpotent-Jacobian method for sign pattern matrices to complex sign pattern matrices, establishing a means to show that an irreducible complex sign pattern matrix and all its superpatterns are spectrally arbitrary. In Section 3 we give an n × n (n ≥ 2) irreducible spectrally arbitrary complex sign pattern matrix S n with exactly 3n nonzero entries. In Section 4 we prove that every n × n (n ≥ 2) irreducible spectrally arbitrary complex sign pattern matrix has at least 3n − 1 nonzero entries, and conjecture that for n ≥ 2, an n × n irreducible spectrally arbitrary complex sign pattern matrix has at least 3n nonzero entries. • Express the characteristic polynomial of X as:
• Find the Jacobian matrix
• If the determinant of J, evaluated at (
is nonzero, then by continuity of the determinant in the entries of a matrix, there is a neighborhood U of (r 1 , r 2 , . . . , r 2n ) such that all the vectors in U are strictly positive and the determinant of J evaluated at any of these vectors is nonzero. Moreover, by the Implicit Function Theorem, there is a neighborhood
. . , n. Taking positive scalar multiples of the corresponding matrices, we see that each monic nth degree polynomial over C is the characteristic polynomial of some matrix in the complex sign pattern class Q c (S). That is, S is a spectrally arbitrary complex sign pattern matrix.
Next consider a superpattern of the complex sign pattern matrix S. 
, and the determinant ofĴ evaluated at ( 
.
If the Jacobian matrix
, then the complex sign pattern matrix S is spectrally arbitrary, and every superpattern of S is a spectrally arbitrary complex sign pattern matrix.
3. Minimal spectrally arbitrary complex sign pattern matrices. In this section we first consider the following n × n (n ≥ 7) complex sign pattern matrix
We will prove that S n is a minimal spectrally arbitrary complex sign pattern matrix, and every superpattern of S n is a spectrally arbitrary complex sign pattern matrix. Take an n × n complex matrix
where a k > 0 and
and
Lemma 3.1. Let a 0 = 1 and b 0 = 0. Then
n a n + (−1)
3n−6 2 a n−3 + (−1) 3n−9 2 a n−4 + (−1)
n+1 a 1 a n + (−1)
3n−3 2 a n−2 + (−1)
3n−6 2 a n−3 + (−1)
n+1 a 2 a n + (−1) 3n 2 a n−1 + (−1)
n a 3 a n + (−1) 3n 2 a n−1 + (−1)
n+1 a n b 1 + (−1)
n a n b 3 + (−1) Proof. Denote c 0 = 1, and 
Thus
k+1 ib k for k = 1, 2, . . . , n − 1, the lemma holds. 
6.
Proof. We prove the lemma according to the four cases n = 4m, n = 4m + 1, n = 4m + 2, and n = 4m + 3.
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Let n = 4m. By Lemma 3.1, we have
and Y. Fan
We have that
From the second equation and last two equations in the second set of equations, respectively, we have
, and a n b 3 + 2a n b 1 = 4a n b 1 , so b 1 = √ 3. From the second equation and last two equations in the first set of equations, respectively, we have a 2 = −1 + b 2 1 , and 2a 2 a n − 2a n − 1 = 0, so a n = 
As for cases n = 4m + 1, n = 4m + 2 and n = 4m + 3, noting that if n = 4m + 1, 
the proof methods are similar to the case n = 4m, and we omit them.
By Theorem 2.1 and Lemma 3.2, the following theorem is immediately. Theorem 3.3. For n ≥ 7, the n × n complex sign pattern matrix S n having the form (3.1) is spectrally arbitrary, and every superpattern of S n is a spectrally arbitrary complex sign pattern matrix.
Theorem 3.4. For n ≥ 7, the n × n complex sign pattern matrix S n having the form (3.1) is a minimal spectrally arbitrary complex sign pattern matrix.
Proof. Let S n = (s kl ), T = (t kl ) be a subpattern of S n and T be spectrally arbitrary.
Firstly, it is easy to see that t kk = s kk for k = 1, n − 1, n.
Secondly, note that if all matrices in Q c (T ) are singular, or all matrices in Q c (T ) are nonsingular, then T is not spectrally arbitrary. Thus t k,k+1 = s k,k+1 for k = 1, 2, . . . , n − 1.
Finally, since T is spectrally arbitrary, there is a complex matrix C ∈ Q c (T ) which is nilpotent. We may assume C has been scaled so that the (n, n) entry of C is −1. We can also assume that the (k, k + 1) entry of C is 1 or −1 for k = 1, 2, . . . , n − 1 (otherwise they can be adjusted to be 1 or −1 by suitable similarities). Thus, without loss of generality, suppose that C has the form (3.2). From f k = 0 and g k = 0 for k = 1, 2, . . . , n, as in Lemma 3.1, we can conclude that a k = 0 for k = 2, . . . , n, and b k = 0 for k = 2, . . . , n − 1.
Then T = S n , and so S n is a minimal spectrally arbitrary complex sign pattern matrix. 
Lemma 3.5. Let complex sign pattern matrices
Then S j , j = 2, 3, 4, 5, 6 are minimal spectrally arbitrary complex sign pattern matrices.
Proof. First, we prove that each S j is spectrally arbitrary. For S 2 , we are able to obtain a nilpotent complex matrix
where a 2 = 2, a 1 = b 1 = b 2 = 1. Replacing the entries a 1 , b 1 , a 2 , b 2 of C 2 by variables in using Theorem 2.1, it can be verified that S 2 is spectrally arbitrary.
For S 3 , we are able to obtain a nilpotent complex matrix
where a 1 = 1, a 2 = 2, a 3 = 8,
Replacing the entries a 1 , b 1 , a 2 , b 2 , a 3 , b 3 of C 3 by variables in using Theorem 2.1, it can be verified that S 3 is spectrally arbitrary.
For S 4 , we are able to obtain a nilpotent complex matrix entries a 1 , b 1 , a 2 , b 2 , a 3 , b 3 , a 4 , b 4 , a 5 , b 5 of C 5 by variables in using Theorem 2.1, it can be verified that S 5 is spectrally arbitrary.
For S 6 , we are able to obtain a nilpotent complex matrix 
